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Abstract—In abstract visual reasoning, monolithic deep learn-
ing models suffer from limited interpretability and generalization,
while existing neuro-symbolic approaches fall short in capturing
the diversity and systematicity of attribute and relation repre-
sentations. To address these challenges, we propose a systematic
abductive reasoning model with diverse relation representations
(Rel-SAR) in vector-symbolic architecture (VSA) to solve Raven’s
progressive matrices (RPM). To derive attribute representations
with symbolic reasoning potential, we introduce not only various
types of atomic high-dimensional (HD) encodings that capture
numeric, periodic, and logical semantics, but also the structured
HD representation (SHDR) for the overall grid component.
For systematic reasoning, we further propose novel numerical
and logical relation functions and perform rule abduction and
execution in a unified framework built upon these relation
representations. Experimental results demonstrate that Rel-SAR
achieves significant performance improvements on RPM tasks.
By synergistically combining HD attribute representations with
symbolic reasoning, Rel-SAR enables systematic abductive rea-
soning with both interpretable and computable semantics.

Index Terms—Abstract visual reasoning, relation representa-
tion, vector-symbolic architecture (VSA).

I. INTRODUCTION

AVEN’S progressive matrices (RPM) are a family of
psychological intelligence tests widely used for the
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assessment of abstract reasoning [1]. From a cognitive psy-
chology perspective, abstract visual reasoning in RPM tests
involves constructing high-level representations from images
and deriving potential relations from these representations [1],
[2]. Endowing artificial intelligence with such capabilities is
now regarded as a crucial step toward achieving human-level
intelligence. Despite notable progress, many recent monolithic
deep learning approaches that entangle perception and reason-
ing within a single neural network [3], [4], [5], [6], [7], [8]
suffer from inherent limitations, such as poor interpretability,
limited robustness and generalization, and difficulties in mod-
ule reuse [9]. Neuro-symbolic architectures (NSAs), which
integrate neural visual perception with explicit symbolic rea-
soning, provide a promising paradigm for addressing these
challenges and achieving human-level interpretability and gen-
eralization [9], [10], [11].

In NSAs, Marcus argues that symbol manipulation in
cognition relies on representing relations among variables
[10]. To address the challenges of abstract reasoning,
NSA must therefore be equipped with concept (or
attribute) representations with meaningful semantics and
relation representations built upon them. Concept or attribute
representations serve as the instantiations of variables and
should possess rich cognitive—computational properties,
encompassing diverse categories and features [12], [13], [14],
[15]. These representations may correspond to definitional
concepts of objects—such as type, size, color, and number—or
to graded representations encoding specific attribute values of
objects [7], [16]. Building on these representations, relation
representations exploit their underlying computational
properties to encode structured dependencies among multiple
concepts or attributes in a form that supports explicit
manipulation and systematic reasoning [17].

Nevertheless, incomplete concept (or attribute) and rela-
tion representations remain a critical bottleneck for achieving
systematic abduction and execution in RPM tasks. Recent
NSA models such as PrAE [9], the ALANS learner [18],
and neuro-vector-symbolic architecture (NVSA) [11] suffer
from limited diversity in attribute representations within their
neural perception frontends and in template-based relation
representations within their reasoning backends, which in
turn constrains the reasoning capacity required for abstract
visual reasoning. Although the ALANS learner introduces
learnable rule operators within an abstract algebraic structure
[18], and the ARLC model adopts a more expressive VSA-
based rule template operating in the rule parameter space [19],
both models improve interpretability and generalizability but
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still fall short of capturing the diversity and systematicity of
attribute and relation representations.

Recent theoretical and computational advances in cog-
nitive psychology and allied fields suggest that high-
dimensional (HD) vector spaces can support the rich
cognitive—computational properties, and that concepts in
human cognition are likely instantiated in such vector-based
representations [15]. Vector symbolic architectures (VSAs), a
class of HD distributed representations, provide an expres-
sive and principled framework in this regard by supporting
algebraic operations for both numerical computation and
structured symbolic representations [11], [19], [20], [21],
[22], [23]. Motivated by these insights, this article aims to
exploit the capabilities of VSAs to construct diverse attribute
and relation representations within a unified vector-symbolic
space, and to leverage this diversity to improve interpretabil-
ity and strengthen systematic abductive reasoning in RPM
tasks.

To achieve these objectives, we introduce various types
of VSA-based atomic HD encoding with distinct semantic
roles, covering independent symbols as well as numeric,
periodic, and logical values. Since reasoning in RPM tasks
involves attributes emerging from groups of objects, we
further propose a structured HD representation (SHDR) that
encodes the holistic perception of the nxn grid. Together,
the atomic and structured encodings provide complementary
attribute representations that support abductive reasoning
at both the entity level and the layout level. Meanwhile,
we propose numerical and logical relation functions as
relation representations that operate on multiple HD attribute
representations to define their underlying relations. Building
on these representations, we propose a systematic abductive
reasoning model with diverse relation representations (Rel-
SAR) for solving RPM, inspired by the original NVSA model
[11]. In Rel-SAR, visual attribute extraction and rule inference
are integrated within a unified VSA-based computational
framework. The model consists of a neuro-vector frontend
that leverages diverse attribute representations to encode
entity-level and layout-level attributes from raw RPM images,
and a generic vector-symbolic backend that utilizes diverse
relation representations to perform symbolic reasoning.

The main contributions of this study are as follows.

1) Diverse attribute and relation representations in VSA are
introduced. Unlike rule templates tailored to individual
rules, our proposed relation functions define relations
among input attributes through operator powers and
function outputs, enabling enhanced relation expressive-
ness.

2) We propose Rel-SAR for RPM, a reasoning framework
grounded in the core principle that if attributes in
an RPM instance follow a numerical or logical rule,
then all attribute tuples share identical parameters of
relation functions. The consistency between relation
functions across rule abduction and execution enhances
interpretability and strengthens systematic abductive rea-
soning.

3) Experimental results demonstrate high perceptual
accuracy and state-of-the-art reasoning performance
compared to existing NSA models, with particularly
strong results on configurations involving positional
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Fig. 1. Tlustrations for RAVEN dataset. (a) Example of RPM test from
RAVEN [16] dataset. In an RPM test, there are eight context panels and
eight candidate panels. Participants are required to identify the underlying
rules governing various attributes within the context panels. Subsequently,
participants use these rules to infer the attributes of the missing panel
(represented by “?”) and choose the most appropriate option (highlighted
with a red box) from the answer panels. (b) RAVEN dataset includes seven
configurations: Center, 2 x 2 grid, 3 x 3 grid, left-right (L-R), up-down (U-
D), Out-InCenter (O-IC) and O-IG [16]. Four types of rules, i.e., constant,
progression, arithmetic, and distribute three, are applied to five attributes,
i.e., position, number, type, size, and color, in a rowwise manner. Constant:
the attribute values are same in a row; progression: the attribute value
monotonically increases or decreases in a row by a value of 1 or 2; arithmetic:
the attribute values of the first two panels and the third panel in a row follow
either a rule of summation or one of subtraction, and corresponding logical
rules are OR and DIFF, respectively (Supplementary material 1); distribute
three samples three values of an attribute and permutes them in different
rows. The I-RAVEN dataset [7] is a variant of RAVEN, where answer sets
are generated using an attribute bisection tree. RAVEN-FAIR [8] is a debiased
version of RAVEN that enforces fair and statistically balanced answer choices,
thereby preventing shortcut solutions.

rules. The results further confirm strong generalization,
including attribute—value generalization, scalability
to increasing numbers of unseen objects, and in-
distribution generalization.

II. RELATED WORK

The RPM is a widely used nonverbal intelligence test
designed to assess abstract reasoning. To explore the lim-
itations of current machine learning approaches in solving
abstract reasoning tasks, three automatically generated RPM-
based datasets—RAVEN [16], I-RAVEN [7], and RAVEN-
FAIR [8]—have been introduced (Fig. 1). Early efforts on
RPM primarily employed relation network (RN) [24] and
their variants [3], [6], [8], [25] to extract relations between
context panels. Concurrently, CoPINet [5], MLCL [26], and
DCNet [27] integrate contrastive learning in their models.
Approaches like MRNet [8] and DRNet [28] aimed to enhance
perception capabilities, while SRAN [7] and PredRNet [29]
abstract relations using stratified models and prediction errors,
respectively. In addition, several methods have focused on
scene decomposition and feature disentanglement [30], [31],
[32]. Although these monolithic deep learning models achieve
high accuracy, they often suffer from limited interpretability
and systematic generalization capabilities.

Another branch for solving RPM is based on NSAs, which
explicitly distinguish between perception and reasoning. PrAE
[9] employs an object CNN to generate probabilistic scene
representations and uses predetermined rule templates for
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probabilistic abduction and execution. In abstract reasoning,
VSAs serve as a bridge between perception and reasoning
modules by leveraging its structured distribution representa-
tions and algebraic properties. NVSA [11] projects each RPM
panel into an HD vector using a trainable CNN and derives
probability mass functions (PMFs) by querying an external
codebook. Its reasoning backend embeds these PMFs into dis-
tributed VSA representations and performs rule abduction and
execution using templates based on VSA algebraic operations.
NVSA provides a differentiable and transparent implementa-
tion of probabilistic abductive reasoning by leveraging VSA
representations and operators. However, its perception fron-
tend requires searching a large external codebook, and its
reasoning backend still relies on predetermined rule templates.

To address limitations in rule expressiveness, the ALANS
learner utilizes learnable rule operators within an abstract
algebraic structure, avoiding the need for manually defining
individual rules [18]. Learn-VRF [33] focuses on reason-
ing by learning VSA-based rule formulations, eliminating
the need for predetermined templates. ARLC [19] further
enhances reasoning by incorporating context augmentation and
extending rule templates to accommodate more diverse rules.
However, despite these advances, both ARLC and Learn-VRF
remain constrained by limited attribute representations, which
prevents them from covering the full spectrum of RPM rules.

Recently, relational bottleneck methods have been proposed
to promote efficient abstraction, although their ability to repre-
sent and reason over complex relations remains limited [17],
[34], [35]. Nevertheless, their emphasis on explicit relation
representations provides important motivation for our work. To
overcome the limitations of incomplete attribute and relation
representations in NSA, Rel-SAR transforms perceptual inputs
into HD attribute representations with symbolic reasoning
potential and abducts both numerical and logical rules within
a unified framework grounded in diverse relation representa-
tions.

III. PRELIMINARIES
A. VSA Models Utilized in This Study

VSAs are a class of computational models that utilize HD
distributed representations [36]. VSA models used in this study
are Fourier holographic reduced representations (FHRRs) and
holographic reduced representations (HRRs) [37]. An FHRR
atomic vector is a complex-valued random vector where each
vector component can be considered as an angle (phasor) 6;
randomly selected independently from a uniform distribution
U(—m, ] [36], [37]. For simplicity, FHRR atomic vectors are
represented here using their phase form, 6 := {Gi}?=]’ rather
than their complex-valued representation. In this study, an
HRR atomic vector x is obtained by applying the inverse fast
Fourier transform (IFFT) to the complex exponential of an
FHRR atomic vector 6

x=F"(. (1)

Here, F and F~'(-) represent the fast Fourier transform (FFT)
and inverse FFT (IFFT), respectively. When the dimension d
is sufficiently large, these randomly generated vectors exhibit
pseudo-orthogonality, making them suitable for representing
distinct symbols or concepts.
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TABLE I
BAsic OPERATIONS OF FHRR AND HRR

Operations Impl. on FHRR Impl. on HRR
Binding (z o y) (0 + @) mod 27 FHF (z) - F ()
Bundling (x + y) angle (eJG + e”’) T +y

Inverse (z~1) (—6) mod 27 FL(1/F ()
Unbinding (x ©y) 0~ log z loy

The similarity between any two vectors is a crucial metric
for evaluating the distributed representations in VSAs. In
FHRR and HRR, cosine similarity is employed to measure
the similarity between two vectors [36]

d
1
sim (6,) = ~ > " cos (6 - )
i=1
x-y

Sim (. 9) = 1

2)
where 0 and ¢ denote two FHRR vectors, and x and y two
HRR vectors. The similarity sim(-,-) ranges from —1 to + 1,
and the above two similarity measures are equivalent. The
pseudo-orthogonality refers to the case where the similarity
sim(-,+) = 0.

B. Basic Operations and Structured Symbolic
Representations

All computations within VSAs are composed of several
basic vector algebraic operations, with the primary ones being
binding (o), bundling (+), and unbinding (@) (Table I). The
binding operation (o) is employed to form a representation of
an object that contains information about the context in which
it was encountered [36]. The bundling operation (+), also
known as superposition, generates a composite HD vector that
combines several lower-level representations. The unbinding
operation (®), which is the inverse of binding, extracts a
constituent from the compound data structure. Binding and
bundling are referred to as composition operations, while
unbinding is considered a decomposition operation. All oper-
ations do not change the vector dimensionality.

Through the combination of these operations, VSAs can
effectively achieve structured symbolic representations [36].
For instance, consider a scene s in which a triangle ¢ is
positioned on the left p; and a circle ¢ on the right pg. This
scene can be represented as § = p; ot + proc by the rolefiller
pair [38]. In this computation, binding has a higher priority
than bundling: the representations p; o ¢ and pg o ¢ are first
computed independently, and then combined via bundling to
obtain the final scene representation s. By applying the inverse
vector of the left position pzl to unbind s, we can retrieve an
approximate vector representing the content at the left position,
ie., pil os = t+p;'opgoc ~ t, where the term pil oproc can
be interpreted as crosstalk noise, caused by interference from
superposed nontarget bindings [36]. Moreover, the triangle
t can itself be a compositional scene, where attributes such
as color and size are combined into a triangle scene in a
similar manner. This decomposable, structure-sensitive, HD
distributed representation has the potential to disentangle com-
plex scenes while maintaining the advantages of traditional
connectionist approaches [11].
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Fig. 2. Atomic HD representations and relation functions. (a) Rel-SAR model utilizes four types of atomic HD encodings. Independently sampled vectors in
SE are used to represent distinct and mutually unrelated symbols or concepts, such as attribute concepts (e.g., type, size, color, and existence). NE represents
real-valued quantities and supports VSA-based additive arithmetic operations, such as those applied to attribute values. PE encodes periodic values and enables
additive arithmetic operations with inherent periodicity, for example, spatial positions in SHDRs for an nxn grid. BE represents logical values (false and true)
and supports VSA operations for logical reasoning. (b) Example of a numerical relation function. In this example, the attribute number across a row of three
image panels follows the Arithmetic + rule. In the real-valued domain, this relation is expressed as 3 + 2 = 5. In the HD vector space, it is represented
by a ternary numerical relation function with OP.3 = [-1,—1,1] and ry,;, = v(0). (c) Example of a logical relation function. Here, the attribute position
across a row of three image panels follows the Arithmetic + rule. In the Boolean domain, this relation is expressed as a V b = c. In the HD vector space,
it is represented by a ternary logical relation function with OP1:3 = [1,1,1] and rrg. = e(0). (d) Example of an inverse numerical relation function. In this
example, the first two image panels in a row are given, and the attribute number is assumed to follow the Arithmetic + rule. Accordingly, in the HD vector
space, the value of the number attribute for the third image panel can be inferred using the inverse numerical relation function with OPy.3 = [-1,—1,1] and
rnum = v(0), yielding the result 6. (e) Example of an inverse logical relation function. In this case, the position attribute is assumed to follow the Arithmetic
+ rule. Accordingly, in the HD vector space, the truth value of object existence at each spatial position for the third image panel can be inferred using the
inverse logical relation function with OP1.3 = [1,1,1] and rpg = €(0). Additional rules and their corresponding combinations of operator powers OP1.) and
outputs r are summarized in Table IV.

TABLE I
LoGIC OPERATIONS IMPLEMENTED BY BE

C. FPE Method

In this study, the rules in RPM are primarily numerical. We
introduce the VSA representation of numerical values using
the fractional power encoding method (FPE-VSA) [20], [21]. NOT ~a=aoce(l)

Operation  Implementation on BE

Let x € R be a real number and X € R a randomly sampled igﬁ Zf:f;‘(:.:m(mb))
base vector. The VSA representation v(x) € RY for any value aVb=(a®b)® (anb)
x is obtained by repeatedly binding the base vector X with OR — aoboglosim(ab)
itself x times, as follows:

p(x) = (X)) (3)

IV. METHODOLOGY
The FPE method maps arbitrary real numbers to the corre-

sponding HD vector, and has the following properties: A. Atomic HD Vectors With Semantic Representations

(X1 4 x2) = v (x1) 0¥ (x2) . (4) In ne}lro-vecFor—symb().lic systems, aFomic HD Vectpr rep-

resentations with meaningful semantics are essential for

This demonstrates that addition + in the real number domain perception and reasoning. We introduce four types of atomic
can be represented by the binding operation o in the HD vector HD encodings used in our model [Fig. 2(a)]: Symbolic
space. HD encoding (SE), numeric HD encoding (NE), periodic
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TABLE III
ATTRIBUTE REPRESENTATIONS AND THE RELATION FUNCTIONS INVOLVED IN RULE ABDUCTIONS
Level Attributes HD representations Rules in RAVEN and their types Relation functions
Type : Constant
v'yPe Binary + Numerical
Entity Size psize . Progression
color Atomic (NE) —
Color v Distribute Three
pnum Ternary + Numerical
Number Arithmetic Numerical rules
Constant
% ) SHDR - Binary + Numerical
Layout B e = 3T p o piTist p; : PE Progression
Position 7 J ETIst . SR — .
J : Distribute Three Ternary + Numerical
vevist Atomic (BE) Arithmetic Logical rules Ternary + logical
TABLE IV
RULES AND CORRESPONDING COMBINATIONS OF OP.y AND 7yum IN RELATION FUNCTIONS
Ternary | op1 | op2 | ops X
Rules in RAVEN - r Examples (Rule — Relation function)
Binary op1 op2
Constant -1 | +1 0 v =v2 = v(0) = vgo(_l)) o vg)l)
4 + —1 | 41| 4142 o1+ 1=v2 = v(+1) = 02D 04
Progression
— -1 +1 | —1,—-2 v —2=vy > v(-2)= v(lo(_l)) o 'ugﬂ)
Numerical rules n n n
. . + -1 | -1 | +1 0 vy +v2 =v3 > v (0) = vgo(_ Do véo(_ 2 vgo )
Arithmetic
— -1 +1 +1 0 v —vg =v3 > v(0)= v(lo(fl)) o 1;(201) o vg"l)
Distribute Three +1 +1 +1 Any v1 +v2 +v3 = Any — Any = vg‘)l) o v;om o 'uécl)
+ +1 | +1 | +1 0 e(0)=(e(l)ovi Ae(l)owvz)o(e(l)ows)
Logical rules Arithmetic
- 0 +1 0 0 e(0) = (e(0)ovi Ae(l)owsz)o (e(0)ows)

HD encoding (PE), and Boolean HD encoding (BE). Each
encoding defines a parameterized family of HD vectors that
represent concepts or values drawn from a specific domain.

1) Symbolic HD Encoding: Vectors in SE are sampled
from specific distributions according to the VSA models,
as described in the preliminary section. Because these vec-
tors lack intrinsic numerical or logical relationships and are
approximately pseudo-orthogonal in the HD vector space, SE
is well suited for representing symbols and concepts that
are assumed to be mutually independent and semantically
dissimilar.

2) Numeric HD Encoding: NE employs FPE-VSA (3) [20]
to represent real-valued quantities. Under this encoding, each
real value r is mapped to an HD vector v(r) € R?. Additive
arithmetic operations over numeric values can be implemented
through the binding operation defined in (4) [21], enabling
numerical manipulation directly in the HD vector space.

3) Periodic HD Encoding: PE is a specialization of NE
designed to represent periodic quantities. Given a base vector
P, whose element phases p; are sampled from a discrete
distribution (e.g., in FHRR, p; ~ U{2xnj/L Vj € {1,...,L}},
with L being an even integer), PE defines a family of HD
vectors parameterized by a scalar value r as p(r) := PC",
These vectors are approximately pseudo-orthogonal for dis-
tinct values of r and exhibit periodicity with period L [21]

®)

When L is odd, a periodic encoding with period L can be con-
structed by selecting every other vector from the corresponding
encoding with period 2L.

4) Boolean HD Encoding: BE is a special case of PE
with period L = 2, designed to represent Boolean values.
Following the same construction principle as in PE, BE defines
two HD vectors, e(0) and e(1), corresponding to the Boolean

pr+L)=p().

values False and True, respectively. Basic logical operations
can be implemented directly in the HD vector space, as
summarized in Table II, where a,b € {e(0),e(1)} represent
arbitrary Boolean values.

B. Relation Functions Based on Atomic HD Representations

Abductive reasoning in RPM relies on binary and ternary
relations among the attributes of corresponding objects within
each row of three panels [Fig. 1(a)], encompassing both
numerical and logical relations. To support such rule abduc-
tion, we design general relation functions grounded in VSA
algebra, which operate on the aforementioned atomic vector
representations and serve as explicit relation representations
for reasoning.

1) Relation Functions: Relation functions characterize rela-
tionships among multiple HD vector representations and are
categorized into two types: numerical and logical. Numerical
relation functions operate on vectors encoded by NE or PE,
whereas logical relation functions operate on vectors encoded
by BE.

The numerical relation function, Ry, is defined as follows:

(6)

where vy.y = {v,-}fi , denotes the input set of N HD vector
representations, and N corresponds to the arity of the relation
function. OP;.y; = {op,'}f‘;l1 (with M = N) denotes the operator
powers, which can be regarded as learnable or configurable
parameters of the relation function. Each operator power op;
specifies the number of self-binding operations applied to the
corresponding input vector v; in the HD vector space. The
notation ofi | denotes the sequential binding operation applied
to the N HD vector representations. ry,,, is the output HD
representation. For the binary numerical relation function, N =

— _ N (oop))
rNum = Rnum W1:n, OP1.y) = 0i—1V;
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2 and M = 2, while for the ternary numerical relation function,
N=3and M = 3.

Based on the arithmetic properties of NE and PE, Ry,
provides a principled mechanism for translating linear arith-
metic relations from the real-valued domain into compositional
binding operations in a vector-symbolic representation. The
combination of OP;.j; and ry,,, determines the specific numer-
ical relation in this vector-symbolic method. Taking the
relation a + b = c in the real-valued domain as an example
[Fig. 2(b)], it can be equivalently rewritten as —a — b + ¢ = 0.
In the HD vector space, this relation is represented by a
ternary numerical relation function with OP3 = [-1,-1,1]
and ry,, = v(0), that is, v(a)©™D o p(b)C Vy(e)°) = v(0). It
shows that the operator powers serve as the vector-symbolic
analogs of signed coefficients in a linear combination of vy.y,
where the aggregate binding result equals ry,,,. Consequently,
the numerical relation function can enable arithmetic reasoning
to be performed directly in the HD vector space.

Similarly, the simplified logical relation function, Rpgc, is
defined as follows:

Frge = RLgc win, OPiy) = (0P1V1 A 0172"2) ©0p3v3 @)

where vi.y = {v,~}§‘il € {e(0),e(1)} denotes the input set of N
HD vector representations. The full version of logical relation
function is described in Supplementary material I. Here, we
consider only the ternary logical relation, so N = 3 and
M = 3. The parameter OPy.y := {opi}ﬁ‘;ll, where op; € {0, 1}
determines whether to negate v;, with negation (—) applied
when op; = 1 and no negation applied when op; = 0 (see
Supplementary material I). The symbol A denotes the AND
operation, as shown in Table II. Based on the computational
properties of BE detailed in Table II, Ry, can describe the
ternary logical relations involved in RPM. The combination of
the operator OP1.j and the output r;,. determines the specific
logical relation in this vector-symbolic method. Taking the
relation a or b = ¢ in the Boolean domain as an example
[Fig. 2(c)], this relation in the HD vector space is represented
by a ternary logical relation function with OP.3 = [1, 1, 1] and
rig. = €(0).

2) Inverse Relation Functions: Rule execution in RPM
involves inferring the third attribute value in a row of panels
from the first two, given a known relation, and thus constitutes
the inverse problem of rule abduction. In the vector-symbolic
method, given the operator power OP.) and the output r,
the last vector representation vy can be inferred from the
preceding inputs v;.y—; via the inverse of the relation functions.
Accordingly, based on (6), the inverse numerical relation
function is defined as follows:

-1
VN = Ry, Win-1, OP1.y, )

_ (O?i—llvgo(—op,/om))) o peU/opu) (8)

Similarly, according to (7), the inverse logical relation
function is defined as follows:

N = Rige Win-1, OPrpr 1)
= (op1v1 A opavz) © opsr. ©)

Examples of the inverse numerical and inverse logical rela-
tion functions are illustrated in Fig. 2(d) and (e), respectively.
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Fig. 3. SHDRs for the image panel and the nxn grid. (a) SHDR for the image
panel (10). Taking the O-IG configuration as an example, an image panel
contains multiple objects, each with four entity attributes: type, size, color,
and existence. Through the first layer of role—filler binding, these attributes are
combined to form an SHDR for each object. Additionally, at the layout level,
each object has a position attribute. By applying a second layer of role—filler
binding, the SHDR for the entire image panel is constructed. (b) SHDR for the
nxn grid (12). Taking the 3 x 3 grid configuration as an example, the position
vectors for all objects are represented using PE with a period of 3 X3 = 9. The
SHDR C3*3 for this 3 x 3 grid is obtained by performing rolefiller binding
between the corresponding position vectors p; and existence vectors v;. Due
to the periodic nature of the position vectors, as all objects shift positions
cyclically, the SHDR undergoes a binding operation with the position vectors
corresponding to the magnitude of the shift.

C. SHDR and Its Attribution Decomposition

VSAs enable the construction of structured symbolic rep-
resentations from atomic HD vectors and support their direct
decomposition through algebraic operations [11]. This section
describes the construction of SHDRs for individual image
panels and the subsequent decomposition process for retrieving
attribute representations. In addition, we introduce SHDRs at
the component level to encode the holistic structure of an nxn
grid (n = 2,3).

1) SHDR for the Image Panel: In the RAVEN dataset,
each image panel contains multiple objects, with each object
characterized by several attributes. Consequently, the SHDR
for each image panel can be obtained through two layers of
role—filler bindings [Fig. 3(a)]. First, the bundling operation is
used to construct an SHDR for each object at the entity level
by combining its attributes. Then, another bundling operation
aggregates these object-level representations to construct an
SHDR of the image panel at the scene level. Therefore, each
image panel X € R, with a resolution r x r, can be
represented by an SHDR S € R? as follows:

Npos

S= -OOj

U

j=1

Npos
= E p] [e]
J=1

Here, O; denotes the SHDR of the jth object at the entity level,
encoding its various attributes, including type, size, color, and
existence. The attribute set is ATTR = {type, size, color, exist}.
At the entity level, the key vector k- represents the class of

)

E kaur © le‘mr

attreATTR

(10)
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a specific attribute attr € ATTR, while the value vector vj‘.””
encodes the attribute’s value at the position j. At the scene
level, the position vector p; specifies the location of the jth
object.

2) Representation Decomposition: Given an estimated
SHDR S € R? of an image panel, all SHDRs of objects
Oj at the entity level, along with the corresponding attribute
representations ij“”’, can be derived through a series of unbind-
ing operations [36]. The decomposition process is shown as
follows:

Oj zp]@S ~ p’ oS
ﬁ;’"’ ~ kyyur © Oj ~ k!

attr

o Oj. (1 : )
It is important to note that due to inaccuracies in the estimated
SHDR & and the crosstalk noise introduced by the unbinding
operation, the estimated attribute representations ﬁ;‘"’ may not
fully match the original v{"" used in (10).

3) SHDR for the nxn Grid Component: In the RAVEN
dataset, three figure configurations—2 x 2 grid, 3 x 3 grid, and
Out-InGrid (O-1G)—include components where objects are
arranged in an nxn grid pattern at the layout level [16]. Since
the positions in the nxn grid involve component-level rule
reasoning, the SHDR for the nxn grid component (n = 2,3),
focusing only on positions and object existence, is introduced
as follows [Fig. 3(b)]:

nxn

Cnxn exist
Z J v] :

J=1

12)

D. Rules From the Perspective of Relation Functions

The RAVEN dataset contains four rules—constant, pro-
gression, arithmetic, and distribute three—applied to five
rule-governing attributes [16]. These include three entity-level
attributes: type, size, and color, and two layout-level attributes:
number and position. In this study, the HD representations
of these attribute values for rule reasoning, along with the
corresponding relations between rules and relation functions,
are summarized in Table III.

For the attributes type, size, color, and number, the four
associated rules follow additive arithmetic operations, meaning
the attribute values v (attr € {type, size, color, number}) are
encoded using NE. Therefore, these rules are represented using
numerical relation functions (6): constant and progression are
modeled as binary relation functions, whereas arithmetic and
distribute three are modeled as ternary relation functions. Each
rule is associated with specific combinations of OP;.); and
Fyum»> as detailed in Table IV.

For the attribute position, the rules constant, progression,
and distribute three operate over an nxn grid containing
multiple objects, which collectively follow additive arithmetic
operations. Therefore, we use the SHDR C™" for the nxn grid
(12) to represent the attributes required by these three rules.
Since progression involves a cyclic left or right shift of all
objects [Fig. 3(b)], the position vectors p; in set C™" during
rule reasoning are encoded using PE. The object existence
vectors vf"”’ are encoded using SE. These three rules can also
be represented via numerical relation functions (6). Take the
rule progression (+ 1) as an example, where the positions of
objects undergo a cyclic right shift. In Fig. 3(b), the SHDRs
of the 3 x 3 grid across a row of three panels exhibit two
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numerical relations: C; o p(1) = C, and C, o p(1) = C3, which
can be defined using a binary numerical relation function.

In addition, the rule arithmetic on the attribute position
belongs to the logical rule [16]. The attribute values v;"i"’ are
encoded using BE, which supports operations as described in
Table II. Therefore, the rule arithmetic for position corresponds
to a ternary logical relation function (7), with the specific
combinations of OPy.) and rp,. detailed in Table IV.

E. Systematic Abductive Reasoning Model

In this section, we present the systematic abductive rea-
soning model with diverse relation representations (Rel-SAR),
inspired by the NVSA [11]. An overview of Rel-SAR is
depicted in Fig. 4(a). Similar to previous neuro-symbolic
models for abstract visual reasoning, Rel-SAR combines a
neural visual perception frontend with a symbolic reasoning
backend, both utilizing VSA representations with meaningful
semantics to facilitate systematic reasoning. The perception
frontend employs a neural network as the image encoder to
extract the SHDR S of each image panel X in the RPM.
Feature disentanglement is achieved through representation
decomposition, yielding the HD attribute representations (v, p,
and C: Table III) required for reasoning in the backend. The
reasoning backend consists of three main modules: the rule
abduction module, the rule execution module, and the answer
selection module. The rule abduction module extracts the
corresponding rules (OPy.) and r: Table IV) for each attribute
representation according to appropriate relation function [(6)
and (7), Table III]. Subsequently, the rule execution module
then applies these rules to predict the attribute representa-
tions of the missing panel using the corresponding inverse
relation functions (8) and (9). Finally, the answer selection
module compares the predicted attribute representations of the
missing panel with the candidate answer panels to select the
correct response. To facilitate understanding of the subsequent
detailed descriptions of the perception frontend and reasoning
backend, Fig. 4(d) illustrates the perception-reasoning process
of Rel-SAR using an example RPM problem.

1) Perception Frontend: The perception frontend operates
independently on each of the 16 image panels to extract the
HD representations of attributes required for abductive reason-
ing [Fig. 4(a) and (b)]. For a given image panel X ind g Rrxr,
where ind € {(1,1),(1,2),...,(3,2)} for eight contexts and
ind € {1,2,...,8} for eight candidates, the frontend uses a
trainable neural network (ResNet-50) as the image encoder
to map the image panel to its estimated SHDR S ¢ R¢:
fo : X - S, where 6 represents the trainable parameters
of the network. Theoretically, the expected SHDR S for
each panel should be derived from the corresponding attribute
representations, as described by (10). Therefore, the learning
objective of fj is to minimize the difference between its output
S and the theoretical SHDR S , formulated as

ngiHer (X;0) - Sl (13)

Subsequently, the estimated SHDR S™ of each panel
undergoes representation decomposition [Fig. 4(b)], as
described in (11), to obtain the estimated HD attribute rep-

resentations of individual objects. These include type (f)jy pey,

size (f);ize), color (fij‘:"’l""), and existence (ﬁf)‘i"), where j denotes
the position index of the corresponding object.
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Fig. 4. Systematic abductive reasoning model with diverse relation representations (Rel-SAR). (a) Overall architecture of Rel-SAR model. Our model consists
of a visual perception frontend, which processes object attributes for eight context and eight candidate image panels in an RPM test, and a reasoning backend
that performs symbolic arithmetic and logical reasoning. The perception frontend utilizes a neural network as the image encoder, fj, to obtain the SHDR of
each image panel, and then perceives attributes in the form of HD representations required by the downstream reasoning. In the reasoning backend, the rule
abduction module extracts rules for each attribute representation using relation functions. The rule execution module then predicts the missing panel’s attribute
representations based on inverse relation functions. Finally, the answer selection module compares the predicted attributes of the missing panel with those
in the candidate panels and selects the option with the highest similarity. (b) Given the predicted SHDR for each panel, the SHDR of all objects and their
corresponding HD attribute representations can be obtained via representation decomposition. Subsequently, the estimated HD attribute representations are
refined in two steps: querying the frontend codebook and applying attention based on the backend codebook. This process produces HD attribute representations
suitable for backend reasoning, including attributes such as type, size, color, number, and position. (c) In the rule abduction module, two rule learners fdfl‘””

and f"pL 8¢ predict the operator powers OP\.; for numerical and logical relation functions based on attributes in the context panels. These predicted OP\.3 ensure
that all binary or ternary relation input sets (VV, N = 2,3) produce the same output # when processed through their respective relation functions. Therefore,
the rule defined by OPy.3y and # with the highest overall 7 similarity, also viewed as unnormalized probability, is considered the underlying rule. The rule
execution module then predicts the attributes of the missing panel using inverse relation functions with the estimated rules. (d) Example of an RPM problem
in which the attribute position follows the Progression + rule, while number, type, size, and color follow the constant rule. In the reasoning backend, taking
position as an example, adjacent panels within each row of the 3 x 3 grid satisfy C.; o p(1) = C.;y [also see Fig. 3(b)]. When the attribute sets from all binary
inputs V,.Z are fed into binary numerical relation functions with 67%;2 = [—1, 1], all resulting relation outputs satisfy #; = p(1). Consequently, the unnormalized
rule probability for the binary relation functions is SIZVum ~ 1. In contrast, because no consistent ternary relation holds across each row, s?\,um < 1. The rule for
the position attribute is therefore identified as 61\’1;2 = [-1,1] with 7 = p(1). Using the corresponding binary inverse numerical relation function, the SHDR
of the missing panel is inferred as C33 = C32 o p(1). This example also illustrates the rule abduction and execution processes for the number attribute with
the Constant rule. Finally, since the predicted HD attribute representations of the missing panel are most similar to those of the second candidate panel, the
model selects X'® as the answer.

The resulting HD attribute representations are expected to
be drawn from a set of frontend codebooks that enumerate
the attributes of interest in the RAVEN dataset [Fig. 4(b)].
These frontend codebooks include Cf,;‘j,:” = {v(r)}?z0 U vl
and C{;g"’ := {e(r)}|_,, which represent the numerical value
and logic, respectively. Here, v,,; represents the null attribute
representation when there is no object. To improve the per-
formance of the neural network in encoding the SHDR of an
image panel, all hypervectors in the frontend codebooks are
randomly and independently generated using SE, rather than
using NE, PE, or BE.

However, the estimated HD attribute representations for
each object, ¥ (attr € {type, size, color, exist}), cannot be

directly applied to the reasoning backend. First, as indicated
in (11), these representations are obtained by unbinding from
an SHDR that superposes multiple attributes; consequently,
they inevitably include crosstalk noise [36]. Second, as these
representations are derived from the frontend codebooks con-
structed using SE, there are no intrinsic arithmetic or logical
relations among attributes, which hinders effective reasoning.

To address these limitations, we adopt an approach similar
to the attention mechanism [39] to transform the estimated HD
attribute representations into forms suitable for the reasoning
backend [Fig. 4(b)]. In the query stage, the estimated HD
attribute representations (f)j”"’) are used as query vectors to
compute their similarity with all candidate vectors of the
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corresponding attribute in the frontend codebooks. In the
attention stage, these similarity scores are then used as
attention weights to perform a weighted summation of the
corresponding vectors from the backend codebooks, whose
hypervectors are generated according to the attribute type, as
summarized in Table III. The backend codebooks consist 9f
Chum (NE), Clellgy (BE), Ciigeli p (SE), and CEI = {p, )L
(PE for positions in nxn grid). The updated HD attribute
representations obtained after the weighted summation are
then used by the reasoning backend. Details of this process
are provided below.

The Query Stage: For each numerical attribute attr €
{type, size, color}, we compute the cosine similarity between
the estimated HD attribute representation A]‘”” and all candidate
vectors of C§" in the frontend codebooks

attr . : aattr Front
W = sim (vj > Cvm )

(14)

where Wj"”’(r) (r € {0,1,...,9,null}) denotes the attention
weights corresponding to the value r of attribute artr at the
Jth position, as determined by the query similarity.

Similarly, for the logical attribute attr € {exist}, the attention
weights are obtained by querying the logic codebook Cfgff"’
as follows:

WSt = so frmax (B - sim (97", C12™))

(15)

where Vlfj?"i‘“’(r) (r € {0,1}) corresponds to the presence and
absence of an object at the jth position, respectively. The
softmax function normalizes the attention weights, and S
denotes the inverse softmax temperature.

The Attention Stage: The reasoning backend requires HD
attribute representations for entity-level attributes (type, size,
and color) and layout-level attributes (number and position)
(Table III).

For the numerical attribute attr € {type, size,color}, the
corresponding updated HD representation v is obtained via
a weighted summation over the numerical backend codebook
CBack a5 follows:

Num
attr __
Vit = Z

ref0,...,9,null}

W (r) - v (1), v (r) € Chack. (16)

For the logical existence attribute attr € {exist}, the updated
HD representations vjm’ are obtained through the weighted
summation over the backend codebook Cpackp and CPacty,,
respectively, as follows:

e)ct st,ET _

Z Wexzst (r)y-e(r),e(r) e ngf,kET (7

re{0,1}

where ET € {SE,BE} represents the type of atomic HD
encodings.

In addition, we construct overall HD attribute represen-
tations for type, size, and color attributes within the nxn
grid. These representations vii' (attr € {type, size,color})
are obtained by bundling the corresponding HD attribute
representations of all objects in the grid with their attention

weights of existence as follows:

n?

attr _ E : exist attr
Vixn W (1)

j=1

(18)
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TABLE V
ATTRIBUTE SETS FOR N-ARY RELATION

V2 (vaayvae)s (va2)vas) (Ve ves)
2.2):723)> (V3,1 v6.2); (vE2),0w)

(v
V3 (0,1 0(1,2),0(1,3)): (P(2,1):0(2,2): V(2,3))
(v(3,1):03,2), V(y))

For the layout-level attribute number, the HD attribute
representation y"“"%¢" is obtained by projecting the sum of the
attention weights of presence to FPE-VSA as follows:

number

e _ )

(19)
where v denotes the base vector of the numerical backend
codebook CBack,

The layout-level attribute position within the nxn grid
involves both numerical and logical rules (Table III). There-
fore, its HD attribute representations correspond to two distinct
rules: (i) the logical representation of individual objects v osition
and (ii) the overall HD position representation C”"“”‘”’ of
the entire nxn grid. The object-level position representation
is defined as an HD existence representation with logical
computational properties, i.e., v/ oston v]””’ BE Inspired by
the SHDR formulation for the nxn grid (12), the overall HD
position representation CP°S"" is computed as follows:

nxn
p(mtwn _ exist . exist,SE Back
Cnxn E W] (1) pj o vj »pj € CPox,nxn' (20)
Jj=1

2) Reasoning Backend: The Rel-SAR model efficiently
implements systematic abductive reasoning by leveraging HD
attribute representations and VSA-based relation functions.
HD attribute representations from the frontend are trans-
formed into the HD vector space, enabling VSA operations on
both numerical and logical relation functions (6)—(9). Conse-
quently, the reasoning backend can systematically perform rule
abduction and rule execution directly through these relational
functions, without relying on an extensive set of explicitly
defined rule templates.

Rule Abduction: Attributes in the RAVEN dataset follow
row-major binary or ternary relations [16]. All possible binary
V2 and ternary V? relation tuples in the RPM test are presented
in Table V, where v; ;) denotes the HD attribute representation
for a given attribute in the context panel at row i and
column j, and v, represents the corresponding HD attribute
representation of the target answer panel. Consequently, rule
abduction can be formulated as an optimization problem: for
both numerical and logical rules, the rule abduction module
must identify a set of operator powers OP;., such that all
N-ray (N = 2,3) relation tuples yield a consistent output
T'Num/Lge When processed through their respective relation func-
tions Ryum/rec. Formally, this objective is defined as follows:

#]
max " = [T sim(R(VY.0P1y).R(VY,0P1y)) (21)
VAR A

where sim denotes cosine similarity, and R represents either
the numerical relation function Ry, or the logical relation
function Ryg.. VV ,VJN € VN (i # j) refers to any two relation
tuples selected from VNV (N = 2,3). s%um/Lgc measures the
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overall consistency among the outputs r of all corresponding
relation tuples and can be interpreted as an unnormalized
probability of the underlying rule.

Based on the above idea, in the rule abduction module
[Fig. 4(c) Left], the HD attribute representations of eight
context panels for a given numerical attribute are fed into a

trainable neural network f;}v um - wwhich serves as the numerical

rule learner and predicts the operator powers OP1.,s. These
predicted parameters are optimized to maximize the objective
in (21). Subsequently, all binary and ternary relation tuples
(Table V) are processed by the corresponding numerical
relation functions using the predicted OP 1.1, yielding outputs
Pnum- Based on these outputs, the unnormalized probability
5%, and sy for binary and ternary relations, respectively,
are computed using (21). The operator powers OP,.); and the
averaged output Fy,, associated with the larger s%um are then
selected as the inferred numerical rule.

Similarly, a separate trainable rule learner fsf 8¢ is used to
predict the operator powers OP,.yy for logical rules associated
with the attribute position [Fig. 4(c) Right]. Since the logical
rules in the RAVEN dataset involve only ternary relations,
all logical attribute representations are organized according to
the ternary relation tuples listed in Table V and processed
by the ternary logical relation functions using the predicted
OP.). Based on the outputs #74. from the relation functions,
the unnormalized probability sig(_ for logical relations can be
computed (21). Subsequently, sigc is compared with sy .
which corresponds to numerical relations for the attribute
position. If szgc is larger, the operator powers OP1. and the
averaged output Fr,. for logical relations are selected as the
inferred logical rule.

Rule Execution: After obtaining the predicted operator pow-
ers 51\31;M and the outputs Fyum /e that represent the rules,
we apply these rules to infer the HD attribute representations
of the missing panel. For a given attribute, the attribute
representations from the first two panels in the third row of the
RPM instance are provided as inputs to the inverse numerical
and logical relation functions using the predicted OP;.), and
FNum/Lge» Tesulting in the retrieval of the missing HD attribute
representation 93 3)

o 1 b~ _
VY33) = RNum/Lgc <V7 OPl:Ma rNum/Lgc)

where V. = (v3p) for binary relation rules, and V =
(va,1), ¥32)) for ternary relation rules.

The Final Answer Selection: Finally, we calculate the simi-
larity between all HD attribute representations of the missing
panel (vgfgl)l"m, vf’{?)b”, vgp ;), vg;) v(cglg)’ ) and the corresponding
attribute representations of each candidate panel (y). The
predicted answer panel  is the one with the highest total

similarity score.

(22)

F. Model Training

1) End-to-End Training: During end-to-end training, the
Rel-SAR model utilizes the rule labels provided by the
RAVEN dataset and the answer labels to optimize the objec-
tives of visual perception (13) and rule abduction (21). Based
on the rule labels, the corresponding ground truth OPffM and
rf:,tum/LgC, which represent the rules, can be obtained from
Table IV. To facilitate the learning of OP;., we design the

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 37, NO. 10, OCTOBER 2026

loss function L,,, which constrains the rule learners fq?’ “n and
f+% to optimize the objective described in (21)

Lop = MSE (P11, OPS.,,) (23)
which is a mean square error (MSE) loss between the predicted
operator powers OPi.); and the corresponding ground truth.
Additionally, we introduce the loss function £, to ensure
consistent outputs when the inputs to the relation function
follow a given rule. This is formulated as follows:

L= (1-sim(#;,rs)) (24)
where 7; denotes the output of the relation function for the ith
relation tuple in V2 and V3. The overall loss function £ for
end-to-end training is constructed as follows:

L=) Lo+ L

where Y represents the sum of the loss functions across all
attributes, for both binary and ternary relation functions, and
for both numerical and logical rule types. By minimizing £,,
and £, simultaneously during training, the optimization objec-
tive of the perception network fj, as described in (13), can be
achieved. This is because, under the constraints of numerous
ground truth rules (OPY.,, and 75, /1gc)» the expected theoret-
ical SHDR constructed from HD attribute representations in
the codebooks will be a competitive representation, guiding the
reasoning process toward optimality (£,, — 0 and £, — 0).
2) End-to-End Training With Auxiliary Attribute Labels:

Following previous work, we assess the performance of the
Rel-SAR model in end-to-end training using both auxiliary
attribute labels and answer labels. Here, a cosine similarity
loss is employed as the perception loss function to enhance the
similarity between the estimated SHDR S™ of the perception
frontend and the theoretical SHDR S (10) derived from
attribute labels, thereby optimizing the trainable perception
network fy (13). The perception loss function £, is defined as
follows:

(25)

L,=1-sim(S™,S). (26)

Meanwhile, to achieve rule learning through the optimiza-
tion objective described in (21), we introduce the loss function
L,s to increase the overall similarity between the outputs r
of all corresponding relation tuples in V2 and V3 (Table V),
respectively. This is formulated as follows:

i#]

Ers =1- l_[Slm (i‘,‘,i‘j)
ij

where #; and #; denote the outputs of relation functions for
any two distinct sets of relation tuples in V2 and V3, including
attribute sets from the answer panel y. Therefore, the overall
loss function £ for end-to-end training with auxiliary attribute
labels is constructed as follows:

L= Lo+ Ly

where the former Y represents the sum of the loss functions
across all context panels and the answer panel, while the latter
> represents the sum of the loss functions across all attributes.

Additionally, similar to other neuro-symbolic approaches,
the perception frontend and reasoning backend in Rel-SAR

27

(28)
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TABLE VI
TEST ACCURACY (%) ON THE RAVEN, I-RAVEN, AND RAVEN-FAIR DATASETS

Method RAVEN I-RAVEN RAVEN-FAIR
Avg Center 2X2 3X3 LR UD OIC OIG | Avg Center 2X2 3X3 LR UD OIC OIG | Avg
WReN (3] 147 131 286 283 15 6.3 84 106 | 238 294 268 235 219 214 225 215 30.3
LEN [6] 729 802 575 621 735 812 844 715 | 414 564 317 297 442 442 521 317 50.9
CoPINet [5] 914 951 775 789 99.1 997 985 914 | 461 544 368 319 519 525 522 428 50.6
MXGNet [40] 840 943 605 649 966 964 941 813 | 331 407 279 247 358 345 364 316 35.1
SCL [30] 91.6 981 91.0 825 968 965 960 80.1 | 950 990 962 8.5 979 971 97.6 877 90.1
DL |SRAN [7] 543 — — — — — — — 60.8 782 50.1 424 701 703 682 463 729
Rel-Base [32] 91.7 976 859 869 935 965 976 838 | 9.1 — — — — — — — 93.5
MRNet [8] 744 962 49.1 459 937 942 925 513 | 750 968 456 396 957 959 956 555 88.4
DCNet [27] 936 978 817 867 998 998 990 915 | 494 578 341 355 585 600 57.0 429 56.1
STSN [31] 807  — — — — — — — 957 986 962 888 98.0 988 97.8 920 95.4
PredRNet [29] | 958  — — — — — — — 9.5 — — — — — — — 97.1
DRNet [28] 9.9 — — — — — — — 976  — — — — — — — 97.6
ACT [41] 983  — — — — — — — 9.4  — — — — — — — 99.3
RS-TRAN [42] | 984 998 99.7 954 992 994 999 954 | 987 100 993 967 999 999 999 973 —
CRAB [43] 947 966 958 902 939 953 946 966 | 959 971 933 9l.1 967 975 989 969 —
Valen [44] 99.5 100 997 982 999 999 999 988 | 99.7 100 998 992 100 100  99.9 99.2 —
PrAE [9] 650 765 786 286 90.1 909 481 426 | 770 905 854 456 963 974 635 607 —
NSA |ALANS [18] 744 69.1 8.2 750 722 733 763 749 | 785 723 795 729 792 796 859 799 —
NVSA [11] 877 997 935 571 998 997 986 654 | 881 998 962 543 100 99.9 99.6  67.1 —
Rel-SAR (Ours)| 96.5 99.1 957 962 996 99.6 99.1 862 | 980 998 97.1 981 100 100  99.9 909 98.3
NVSA [11] 985 100 994 963 100 100 100 939 | 990 100 995 97.1 100 100 100  96.4 —
NSA |Xu et al. [45] 929 988 919 931 992 991 982  70.1 932 995 89.6 897 997 995 99.6 747 —
(Attr.) |ALANS-V [18] | 944 984 915 870 973 964 973 932 | 935 989 8.0 832 909 981 99.1 895 —
Rel-SAR (Ours)| 966 979 943 966 990 987 979 922 | 981 985 967 978 994 99.8 992 956 97.6

Note: DL denotes deep learning models, NSA denotes neuro-symbolic approaches, and NSA (Attr.) indicates methods that use attribute labels.
On the RAVEN-FAIR dataset, most methods report only the average accuracy rather than per-configuration accuracies; therefore, only the average

accuracy is reported in this table.

can also be trained independently using the loss functions £,
and L,,, respectively.

V. EXPERIMENTS

A. Datasets and Experiment Setup

We evaluate our model on the RAVEN [16], I-RAVEN [7],
and RAVEN-FAIR [8] datasets. Each dataset contains 70,000
RPM instances, split into training, validation, and test sets with
a ratio of 6:2:2.

A ResNet-50 is adopted as the image encoder (fy) to map
image panels X into their SHDR representations S € RY,
where the vector dimensionality is fixed to d = 3000. Two
five-layer fully connected networks are used as rule learners,
namely the numerical rule learner ( fj)v”’”) and the logical

rule learner ( fsaLgC), which extract the operator powers OPq.p
from the updated position representations and the remain-
ing attribute representations (number, type, size, and color),
respectively. In the backend codebook, existence vectors are
implemented using HRR, as the normalization inherent to
FHRR during superposition would invalidate logical reason-
ing. All other vectors are represented using FHRR. Overall,
Rel-SAR contains 79.38 M parameters; detailed network
architectures and parameter counts for each component are
provided in Table S2 of the Supplementary Materials.

We train the model using the AdamW optimizer with a
learning rate of 1 x 107* and a weight decay of 1 x 107*. The
training is performed with a batch size of 16 for 50 epochs. All
experiments are conducted on a single NVIDIA TITAN RTX
GPU. During training, the peak GPU memory consumption
is approximately 18226 MB, and the total training time is
about 24 h. At inference time, with a batch size of 16,
evaluating 2000 RPM instances takes approximately 24 s in
total, corresponding to an average inference latency of about
12 ms per instance.

B. End-to-End Learning Results

We first evaluate Rel-SAR on the RAVEN [16], I-RAVEN
[7], and RAVEN-FAIR [8] datasets under an end-to-end learn-
ing setting. The results, summarized in Table VI, compare
Rel-SAR with both deep neural network methods and neuro-
symbolic methods. Rel-SAR achieves an average accuracy
of 96.5% on RAVEN, 98.0% on I-RAVEN, and 98.3% on
RAVEN-FAIR, which are slightly lower than those of the pre-
viously best-performing deep model, Valen (99.5% on RAVEN
and 99.7% on I-RAVEN). In contrast, compared with the
prior neuro-symbolic method NVSA, Rel-SAR demonstrates a
significant accuracy improvement on configurations involving
position-based rules, including 2 x 2 grid (+ 2.2%), 3 x 3 grid
(+ 39.1%), and O-IG (+ 20.8%). These gains result in an
average accuracy improvement of 8.8% on RAVEN and 9.9%
on [-RAVEN. We attribute these improvements to the effective-
ness of the proposed periodic and logical HD representations
for the position attribute, as well as the numerical and logical
relation functions employed for rule abduction and execution.
Moreover, Rel-SAR utilizes only the answer panel during
training, without leveraging information from other candidate
panels. This ensures that Rel-SAR does not exploit poten-
tial defects in the RAVEN dataset for shortcut learning [7],
resulting in similar accuracy on the RAVEN, I-RAVEN, and
RAVEN-FAIR datasets.

In addition, since neuro-symbolic models are hybrid archi-
tectures that disentangle perception and reasoning, they are
often trained with auxiliary attribute labels. We therefore
evaluate Rel-SAR on three datasets under a setting with
additional attribute labels. The results, presented in the bottom
section of Table VI, show that Rel-SAR attains average accu-
racies of 96.6% on RAVEN, 98.1% on I-RAVEN, and 97.6%
on RAVEN-FAIR. Among the compared neuro-symbolic
approaches, ALANS learner is the most similar to Rel-SAR,
ALANS learner is the most closely related to Rel-SAR, as
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TABLE VII
VISUAL PERCEPTION ACCURACY ON RAVEN DATASET
Method Avg. Center  2X2 3X3 L-R U-D O-IC O-IG
PrAE 8527 88.65 9356 7395 100 100 9423  46.25
Xuetal. 9610 100 100 99.99 100 100 99.96  72.78
NVSA 99.76 100 99.83  98.61 99.97 99.96 99.97 99.95
Rel-SAR  99.99 100 100 99.99 100 100 100 99.94

both incorporate learnable parameters within their reasoning
backends. Compared with ALANS, Rel-SAR achieves average
accuracy improvements of 2.2% on RAVEN and 4.6% on
I-RAVEN. In contrast, the reasoning backends in NVSA and
Xu’s model rely on predesigned rule templates or algebraic
invariance modules without learnable parameters. NVSA, with
its comprehensive rule template library, achieves near-perfect
accuracy when trained with auxiliary attribute labels. Although
Rel-SAR slightly underperforms NVSA when trained with
auxiliary attribute labels, it exhibits an important advantage:
when trained without attribute labels, both NVSA and ALANS
learner suffer significant performance drops, whereas Rel-
SAR maintains nearly identical performance. This consistency
highlights the robust synergy between the perception and
reasoning modules in Rel-SAR.

C. Perception Results Learned With the Attribute Labels

Similar to other neuro-symbolic methods, the perception
frontend in Rel-SAR can also be independently trained with
attribute labels using the perception loss function (26). By
querying the estimated HD attribute representations for the
highest similarity with the attribute vectors in the frontend
codebooks, we can retrieve the predicted entity-level attributes.
A panel’s features are considered correctly extracted only
if the attributes of all objects in the panel match those
provided by the dataset. As shown in Table VII, the evaluation
results demonstrate that the perception frontend in our model
achieves an average panel accuracy of 99.99% on the RAVEN
dataset, maintaining nearly perfect performance, consistent
with NVSA. Notably, NVSA reports a resolution issue in the
RAVEN dataset, where some objects in the inner regions of
the O-InGrid configuration have a different size attribute but
the same image representation [11]. To address this, we adopt
a similar solution to NVSA, merging classes with different
sizes but identical panel representation.

To evaluate the generalization capability of the perception
frontend of our model, we adopt the experimental settings
outlined in [11] to test the model on unseen combinations
of attribute values. Specifically, we focus on the single-object
case in the 2 x2 grid configuration. As shown in Table VIII, we
select two attributes (e.g., position and type) along with partial
value sets for each (e.g., position € {0,3} and type € {0,2})
as the target attributes. Panels containing these target attribute
values are included in the training set, while panels lacking
them are designated for the test set. This approach ensures that
the attribute sets of the training and test datasets are entirely
disjoint, enabling a rigorous evaluation of the module’s ability
to generalize beyond the observed data.

In this experiment, we observe that our perception frontend
struggles to identify unseen combinations of attribute values
when the value vectors v in (10) are encoded in SE. We
attribute this issue to the orthogonality of vectors in SE,
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Fig. 5. Attention weights for existence on 2 x 2 grid. For the existence
attribute, the presence weights [Wf“""“ (1) in (15)] represent the probability of
an object being present at the jth position. The sum of these weights provides
an approximate indication of the total number of objects in a panel. (a) When
kirain = 1, the model consistently predicts the presence of only one object
in the panel, regardless of the actual test scenario. (b) When kyqin = 2, the
model learns to distinguish between panels with varying numbers of objects,
effectively adapting its feature extraction process.

which hinders the model’s ability to recognize adjacency
concepts. To address this, we replace the SE vectors with
FPE vectors based on a Gaussian kernel, which introduces
progressive similarity between vectors [20], [21]. As shown
in Table VIII, our model demonstrates better generalization on
unseen attribute combinations compared to NVSA [11] when
using FPE vectors with progressive similarity (NE). However,
the type—size combination still shows low accuracy, likely
because there is no clear continuous progression between
adjacent attribute values of type (e.g., triangle and square).

We also conduct an experiment to evaluate the generaliza-
tion ability of our perception frontend when applied to an
unseen number of objects [11]. The training set consists of
panels with a finite number of objects (e.g., kyqin = 1), while
the test set consists of panels with a larger number of objects
(e.g., kiess = 2). As shown in Table IX, when kyum = 1,
our model fails to accurately predict the attributes of panels
containing more objects. By analyzing the predicted attribute
values, we observe that our model exhibits a consistent distri-
bution of predicted attribute attention weights across different
test sets, attributable to the limited diversity [Fig. 5(a)]. How-
ever, as the number of objects in the training panels increases,
the model learns more complex patterns and can correctly
allocate attention to different positions [Fig. 5(b)]. Our model
achieves perfect generalization performance when kg, = 2
for 2 x 2 grid and when k4, = 3 for 3 x 3 grid.

D. Reasoning Results Utilizing the Attribute Labels

We analyze the performance of the reasoning backend of our
model on the I-RAVEN dataset. Following the assumption of
perfect perception in prior works [19], [33], we also utilize the
ground truth attribute labels provided by the I-RAVEN dataset
to generate HD attribute representations. The model is trained
using the reasoning loss function (27), and the corresponding
evaluation results are shown in Table X. We compare our
model with the LLM-based GPT-3 [46], the deep neural
network SCL [30], neuro-symbolic-based methods PrAE [9]
and NVSA [11], and VSA-based methods Learn-VRF [33] and
ARLC [19]. The performance of GPT-3 is reported in [33].
Our method achieves an accuracy of 99.2%, representing a
6.8% improvement over the previous state-of-the-art model,
ARLC. Notably, our approach significantly outperforms prior
VSA-based method ARLC on the 2 x 2 grid (+ 14.9%), 3 x 3
grid (+ 17.7%), and O-InGrid (+ 9.4%) configurations, which
involve rules on the position attribute. This improvement
demonstrates that the periodic and logical HD representations

Authorized licensed use limited to: Peking University. Downloaded on October 25,2026 at 12:38:58 UTC from IEEE Xplore. Restrictions apply.



SUN et al.: SYSTEMATIC ABDUCTIVE REASONING VIA DIVERSE RELATION REPRESENTATIONS IN VSA 5341
TABLE VIII
ACCURACY OF ATTRIBUTE—VALUE GENERALIZATION ON 2 X 2 GRID CONTAINING k = 1 OBJECT
Training combinations Testing combinations Train sample  Test Sample NVSA  Rel-SAR (SE) Rel-SAR (NE)
Position € {0,3} OR  Position ¢ {0,3} AND
Type € {0.2) Tvpe ¢ {0.2) 6720 2880 0.0 0.0 26.8
Position € {0,3} OR  Position ¢ {0,3} AND
Sive € (1.5} Sine & {1.8) 6400 3200 15.1 0.0 314
Position € {0,3} OR  Position ¢ {0,3} AND
Color € {0.5.6.8) Color ¢ 10.3.6.8) 6720 2880 348 0.0 73.5
Type € {0,2} OR Type ¢ {0,2} AND
Sive & {1.5) Sire ¢ (1.5} 5760 3840 0.0 0.0 13.9
Type € {0,2} OR Type ¢ {0,2} AND
Color € {0.3,6,8}  Color ¢ {0,3,6,8} 6144 3436 720 0.0 895
Size € {1,5} OR Size ¢ {1,5} AND
Color € {0,3,6,8} Color ¢ {0,3,6,8} 5760 3840 293 0.0 826
TABLE IX from the use of unified HD vectors to represent values across
GENERALIZATION TO A GROWING NUMBER OF UNSEEN different attributes, facilitating rule transfer between attributes.
OBJECTS IN THE RAVEN PANEL However, our model exhibits relatively limited performance on
Traming | Traming | P g OPD the color attribute. Thls could be due t(? the? fac':t that color has a
Configuration Samples 5 3 a4 s 6 7 s o ave  broader range of attrlbgte Value.s, making it difficult to transfer
oGid 9600 1 03 00 00 — — — — — o1 o rules learned from attributes with narrower value ranges, such
2x2Grid 19200 2 100.0 100.0 1000 — — — — — 100.0 100.0 as type (0_4) and SiZe (0_5)’ to COZOV (0_9) attrlbute'
3x3Grid 21600 1 02 00 00 00 00 00 00 00 00 00
3x3Grid 43200 2 100.0 100.0 99.4 703 21.6 04 00 00 490 417
3x3Grid 64800 3 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
3x3Grid 86400 4 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 VI. CONCLUSION AND FUTURE DIRECTIONS

TABLE X
IN-DISTRIBUTION ACCURACY ON THE [-RAVEN DATASET

Method Avg  Center 2X2 3X3 L-R U-D O-IC O-IG
GPT-3 [46] 86.5 86.4 832 81.8 834 84.6 928 93.0
SCL [30] 843 999 689 43.0 985 99.1 977 82.6
PrAE [9] 71.1 838 829 474 9438 94.8  56.6 37.4
NVSA [11] 88.1 99.8 962 543 100 99.9  99.6 67.1
Learn-VRF [33] 79.5 977 563 499 940 95.6 983 64.8
ARLC [19] 924 984 834 80.0 987 984 988 89.4
Rel-SAR 99.2 999 98.3 977 1000 999 100.0 98.8

TABLE XI

OOD ACCURACY ON UNSEEN RULE-ATTRIBUTE PAIRS ON [-RAVEN

Type Size Color

Const. Progr. Dist.3 Const. Progr. Arth. Dist.3 Const. Progr. Arth. Dist.3

GPT-3 [46] 885 86.0 88.6 936 932 926 71.6 942 947 943 65.8
Learn-VRF [33] 100 100 99.7 100 100 99.8 99.8 100 98.8 100 100
ARLC [19] 100 986 99.7 100 100 99.6 99.6 100 100 100 99.8
Rel-SAR 99.7 99.6 100 993 99.6 979 100 96.8 89.5 86.4 70.7

of position, along with the corresponding relation functions,
effectively handle the reasoning of arithmetic and progression
rules of position.

We further evaluate the out-of-distribution (OOD) gen-
eralization ability of our reasoning backend, following the
experimental setup described in [33]. In this evaluation, a
specific rule (e.g., type) for an attribute (e.g., const.) is des-
ignated as the target rule. The model is trained and validated
using samples that exclude the target rule and is then tested
on samples containing only the target rule. All experiments
are conducted on the center configuration, while training,
validation, and test sets are filtered from the I-RAVEN dataset.
The corresponding evaluation results are shown in Table XI.
For attributes type and size, our model—consistent with Learn-
VRF [33] and ARLC [19]—exhibits a near-perfect ability
to generalize to unseen attribute rules. This capability arises

In this work, we propose Rel-SAR, a novel model that
leverages VSA algebra to facilitate systematic rule abduction
and execution. Rel-SAR adopts an NSA, where the perception
frontend extracts diverse HD attribute representations with
intrinsic algebraic properties, and the reasoning backend sys-
tematically derives a variety of rules based on numerical and
logical relation functions. Extensive experiments demonstrate
that Rel-SAR achieves superior performance while offers
better interpretability and transparency on RPM tasks.

The perception frontend of Rel-SAR effectively extracts
object-level attributes while preserving the structure informa-
tion of the image through the binding and bundling operations
of VSA. By utilizing FPE vectors with progressive similarity,
our model demonstrates its ability to generalize beyond the
observed data. However, Rel-SAR exhibits relatively low
accuracy on the O-1G configuration, which may be attributed
to the small object size and resolution issue. As noted in [29],
CNNs with large kernel sizes or more stacked blocks are less
effective at extracting features from RPM images with smaller
objects. NVSA further shows that reducing the stride from 2
to 1 in the first convolutional block and removing the max-
pooling layer in ResNet-18 can improve accuracy [11]. We
believe that using CNNs with smaller kernel sizes and strides
in the shallow layers will enhance the accuracy on the O-1G
configuration.

Consistent with other neuro-symbolic methods, we also
introduce auxiliary rule labels during training. This is because,
without precise rule-driven guidance, the model struggles to
learn meaningful SHDR of attributes. We note that slot atten-
tion [47] enables unsupervised scene decomposition, while
VQ-VAE [48] learns discrete latent representations, disentan-
gling different concepts (i.e., attributes in RPM) from raw
images. Therefore, we suggest employing a learnable frontend
codebook, combined with slot attention to enable unsupervised
extraction of SHDR from raw images in the future work.

The reasoning backend of Rel-SAR implements system-
atic abductive reasoning based on diverse HD attribute
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representation and relation representations. Our model has
a significant improvement on configurations with rules on
position. This demonstrates the effectiveness of PE and BE for
position attribute. Although experimental results indicate that
Rel-SAR demonstrates strong attribute—value generalization,
scalability to increasing numbers of unseen objects, and robust
in-distribution generalization, its reasoning backend exhibits
limited OOD generalization compared with Learn-VRF [33]
and ARLC [19]. This limitation likely stems from the rule
learner, which is implemented as a multilayer fully connected
neural network and lacks the capacity to generalize across
attribute domains with substantially different value ranges. In
particular, it struggles to transfer relational rules learned from
attributes with relatively narrow ranges (e.g., size and type)
to attributes with much wider ranges, such as color. Recent
studies increasingly emphasize reasoning over relations among
perceptual inputs, rather than over the absolute features of
individual inputs [34], [35]. This perspective is formalized
by the relational bottleneck principle [17], which seeks to
attenuate the dependence of relational reasoning on the abso-
lute magnitude of attribute values. Future work may therefore
explore integrating relational bottlenecks with VSA algebra,
while drawing on novel ideas from Learn-VRF [33] and ARLC
[19], to model more complex relations and simultaneously
maintain strong robustness to OOD generalization.
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